
Topic 5-[Exact Equations



Suppose you have a first-order

equation of the form

M(x
,y) + N(x,y)

. y = 0

And further suppose
there exists a

function f(x ,y)
where

E = M(X ,Y) and E = N(x ,)

Then we have
that

M(x(y) + N(x ,y)
y = 0

+
which is equivalent to ] y = y(x)i tionof x

becomes

·* = 0
So for example

the family of curves



f (x ,y) = c where < is a constant

will then
satisfy C = 0 and

hence f(x ,y) = c will give

an implicit solution
to the ODE.

Summary

= M(X ,) and E =N(x ,7)

the family
of curves

then[f(x ,y) = cc is any
constant will

where

give implicit
solutions

to

M(x ,x) + N(x
,y) : y = 0

When the above
conditions are

satisfied then we call
MIxI + N(x ,y)y

=

an exactequation.



Ex: Consider the equation

2xy + (x- 1)y = 0

M(x,7) N(x,y) We will see
mu -

6Let f(x ,y) = X y-y .

* now to find

this later

Then,

↳ = 2xy = M(x ,
y)

E = x- 1 = v(x ,Y)

Thus , the
equation

x y
- y
= c

gives
an
implicit solution

to

2xy +
(x -y = 0 .

In this case
we

can
actually solve

for y in
terms of X and we get

We get y=



Let's verify that this
works .

We have

y = x =
c(x) 1)

+

y= - x(x
=1)(2x)=

Plugging
these into

2xy + (x- 1) y = 0

we get

2x(z) + (x1)(i)
= 0

So we
did indeed find

a
solution .



How do we know if we have

an exact equation
?

Tem : Let M(x ,y) and
N(X ,1)

I

ne continuous and
have continuous

first partial
derivatives in some

rectangle R
defined by

E
A <xb

andydDThenM(x ,y) + N(x ,y) y= 0 ifis exact it
and only

=



E: With the previous equation

2xy + (x- 1) y = 0

xis)xiY)

we have
that M

and N are continuous

everywhere
and

exist and

E = 2 = 2x

3 are continuous-

every
where

=2x = 0

24

Note that

= 2x=
So we know that

2xy + (x- 1y= 0
is exact .

Now let's see
how I found

the f above.

We will give
two methods,

#Method1 :
We need f(x , y)

where



↳G [
Integrate D with respect

to X to get

espect
f(x ,2) = xy

+24 to X

Integrate &
with respect to y

to get

Hx ,y) =
xy- y+Ei

Now seto equal to ⑪
to get

xy+ c(y)
= yy - y +

D(x)

So
, c(y)

= -y +
D(x)

www
W g

and D(x)
= 0.

Set ((y) =-

Plug either
of these into

or to get f.

say plugCly) = -y
into ③ to get

f(x ,y) = xy + c(y) = xy - y

So we get f(x,y) = xiy-y as before.



Ethod2 :
We want to solve

T[
Let's use equation

O first .

Integrate
27 = 2x)
2 Y

with respect to
x to get

f(x ,y)
= x2 y + g(y)·sta

Then ,
differentiate

with respect to y to get

E =
x + g'(y)

Thus ,
by equation

② we get

xi- 1 = x+
g(y) .

dont
you

So , g'(y)
= -1 . need a

constant

This , glyl
=-yPetetomebecause

set f to be

equal to a constant



Therefore,

f(x ,y) =
x y + g(y)

= x y - y

So,

f(x ,
3) = X y- y as before

also

-



Below I put a proof of
in this

the main theorem#topic . It's mainly for me

But if you're
interested ,

see below .



Let's prove this
theorem .

Theorem : Let M(x ,y) and
N(X ,1)

-

be continuous and
have continuous

-

first partial
derivatives in some

rectangle R
defined by

E
A <xb

and cycdDThenM(x ,y) + N(x ,y) y= 0& and only if
is exact

it

=

↓of
: For simplicity suppose R is the entire

Xy-plane and that
M and N are continuous

for all (x ,y) and
so are their partial

derivatives.

#)D First suppose that M + Nyl
= 0 is exact .

Then there existsf where = M and E = N.

Then, = Ehi applied to My andN



#) Suppose now that. We will

show that this implies that M + Ny
= o

is exact .

Since M is continuous
we can

define

f(x,y)= SM(x ,y(dx
+ g(y)(*)

where gisat
We want

to now find gly)
where

N== (M(x ,y)dx + y(y)

We will
need

y'(y) = N
- ESM(x ,y)dx

To do this we can show that the
RHS

is just a function
of y and hence we

can integrate it with
respect to y to get

gly).

We have that

* (N- (M(x ,y1dx)
=

=- (M(x ,y)dx



=- (M(x,y)dx

= -M

⑳
Thus, such a gly)

exists .

And

f(x,y) = SM(x ,y(dx + S(N(x,y)
- (M(x ,y)dx)dy

will satisfy = M and =N

#


